Lower bounds for the blow-up time in a temperature dependent Navier–Stokes flow  by Payne, L.E. & Song, J.C.
J. Math. Anal. Appl. 335 (2007) 371–376
www.elsevier.com/locate/jmaa
Lower bounds for the blow-up time in a temperature
dependent Navier–Stokes flow ✩
L.E. Payne a, J.C. Song b,∗
a Department of Mathematics, Cornell University, Ithaca, NY 14853-4201, USA
b Department of Applied Mathematics, Hanyang, Hanyang University, Ansan, Gyeonggido 426-791, South Korea
Received 12 January 2007
Available online 3 February 2007
Submitted by B. Straughan
Abstract
In this paper we consider two different initial–boundary value problems in temperature dependent viscous
flow when the temperature equation has a nonlinear heat source term. When blow-up occurs we derive lower
bounds for the blow-up time in each case.
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1. Introduction
In recent years there has been considerable attention paid to the question of blow-up of
solutions to various nonlinear problems particularly for solutions of hyperbolic and parabolic sys-
tems. Some of this work is cited in the papers of Payne and Schaefer [5,6] and in the monograph
of Straughan [7]. In this paper we consider a Navier–Stokes flow that is temperature dependent,
the temperature equation involving a nonlinear source term. The governing equations for the
velocity vector ui (i = 1,2,3), and the temperature T in a domain Ω at time t are:
∂ui
∂t
+ ujui,j = νui − p,i + hi(T ), (1.1)
uj,j = 0, (1.2)
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∂t
+ ujT,j = T + f (T ), (1.3)
where p is a pressure term, ν is the viscosity coefficient,  is the Laplace operator, hi(T ) is
a vector function of T which is bounded when T is bounded, and f (T ) is a nonlinear func-
tion of T satisfying conditions to be satisfied. Here and throughout a comma is used to denote
differentiation and the convention of summing over repeated subscripts from 1 to 3 is adopted.
We consider two different initial–boundary value problems for solutions of (1.1)–(1.3).
Problem A. Here ui and T are assumed to satisfy
ui = 0, T = 0 on ∂Ω ×
(
0, t∗
)
, (1.4)
ui(x,0) = gi(x), T (x,0) = T0  0, x ∈ Ω. (1.5)
Problem B.
ui = 0, ∂T
∂n
= 0 on ∂Ω × (0, t˜ ), Ω convex, (1.6)
ui(x,0) = gi(x), T (x,0) = T0  0, x ∈ Ω. (1.7)
Here (0, t∗) and (0, t˜ ) are the respective existence intervals, ∂Ω is the boundary of Ω , ∂T /∂n
is the outward directed normal derivative on ∂Ω , and gi and T0 are prescribed functions. Since
T0 is nonnegative it follows from Nirenberg’s maximum principle [4] that in Problem A the
temperature will be nonnegative in its existence interval. Similarly from Friedman’s maximum
principle [2] we conclude that again in Problem B the temperature will be nonnegative in (0, t˜ ).
As long as T remains bounded we expect ui to exist and if ui is bounded we know from
the work of Ball [1] and Kielhöfer [3] that the temperature can fail to exist only if it becomes
unbounded. We show in Section 2 that if there is blow-up of the system, the velocity cannot
blow up (in L2) before the temperature blows up. Whether the temperature blows up or not our
lower bound will indicate a safe time interval during which the temperature and velocity remain
bounded.
A lower bound for the blow-up time in Problem A is derived in Section 3 and for Problem B
in Section 4.
2. Blow-up of velocity
In this section we investigate the question of blow-up of velocity. To show that the velocity
does not blow up (in L2) prior to the time of blow-up of temperature we assume the contrary.
Suppose t1 > t2, the respective blow-up times of temperature and velocity. Then for t < t2 we
have from (1.1) and (1.2) and the boundary conditions on ui in either Problem A or Problem B
∂
∂t
∫
Ω
|u|2 dx = 2
∫
Ω
ui
{
νui − p,i + hi(T ) − ujui,j
}
dx
= −2ν
∫
Ω
|∇u|2 dx + 2
∫
Ω
uihi(T ) dx
−2νλ
∫
|u|2 dx + νλ
∫
|u|2 dx + 1
νλ
∫ ∣∣h(T )∣∣2 dx, (2.1)
Ω Ω Ω
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v + λˆv = 0 in Ω,
v = 0 on ∂Ω. (2.2)
Since t1 by assumption is greater than t2 it follows that for t < t2 the temperature will be bounded
and thus∫
Ω
∣∣h(T )∣∣2 dx M2 (2.3)
for some constant M2. Thus for t < t2
∂
∂t
∫
Ω
|u|2 dx −νλ
∫
Ω
|u|2 dx + 1
νλ
∫
Ω
∣∣h(T )∣∣2 dx, (2.4)
from which we have∫
Ω
|u|2 dx 
∫
Ω
|g|2 dx e−νλt + M
2
ν2λ2
. (2.5)
Letting t → t2 we see that under the assumption t1 > t2 we are led to a contradiction showing
that
∫
Ω
|u|2 dx cannot blow up at t = t2. We conclude thus that t1  t2 and any lower bound
for t1 will automatically be a lower bound for t2. Thus t∗ and t˜ are the blow-up times for the
temperature in Problem A and Problem B, respectively.
3. Problem A
For Problem A the solutions of (1.1)–(1.5) we make the assumptions on the form of f which
were assumed in [5]
(i) f (0) = 0, f (s) > 0 for s > 0, (3.1)
(ii)
∞∫
s
dη
f (η)
is bounded for s > 0, (3.2)
and there exist positive constants n 2 and β such that
(iii) f (s)
( ∞∫
s
dη
f (η)
)n+1
→ ∞ as s → 0+, (3.3)
(iv) f ′(s)
∞∫
s
dη
f (η)
 n + 1 − β. (3.4)
The condition (iii) of (3.3) may be replaced by the more easily checked condition
lim
s→0+
{[
f (s)
]n/(n+1)}′ = 0 (3.5)
which implies (iii).
374 L.E. Payne, J.C. Song / J. Math. Anal. Appl. 335 (2007) 371–376We reduce the problem of finding a lower bound for blow-up time for T to a problem con-
sidered by Payne and Schaefer [5] and from their work we can read off the desired bound. By
the arguments of the previous section this also yields a lower bound for the blow-up time for the
velocity. Following [5] we set
φ(t) =
∫
Ω
[ ∞∫
T
dη
f (η)
]−n
dx. (3.6)
Then for t < t∗
φ′(t) = n
∫
Ω
[ ∞∫
T
dη
f (η)
]−(n+1)(
T − uiT,i
f (T )
+ 1
)
dx. (3.7)
Now ∫
Ω
[ ∞∫
T
dη
f (η)
]−(n+1)
uiT,i
f (T )
dx = −1
n
∫
Ω
[( ∞∫
T
dη
f (η)
)−n]
,i
ui dx = 0 (3.8)
so that φ′(t) is precisely the φ′(t) of [5] with T substituted for the u of [5]. Therefore we may
read off the result
t∗  n − 1
2K
{∫
Ω
[ ∫
T0
dη
f (η)
]−n
dx
}−2/(n−1)
, (3.9)
where
K = n − 1
2
|Ω|(n−2)/(3n)C(n+1)/nα−(n+1)/(n−1), (3.10)
C = 41/33−1/2π−2/3 (3.11)
and
α = 8β
n(n + 1) |Ω|
−(n−2)/(3n)C−(n+1)/n (3.12)
with |Ω| is the volume of Ω .
Following the arguments of [5] we conclude also that if
|Ω|(n−2)/(3n)C(n+1)/n
{∫
Ω
[ ∫
T0
dη
f (η)
]−n
dx
}1/n
<
4β
n2
λ(n−1)/(2n), (3.13)
then φ(t) does not blow up but in fact decays exponentially.
4. Problem B
We now restrict our attention to regions Ω that are convex. Actually Ω need only be convex
in the x1, x2 and x3 directions separately. We again assume the same conditions on the form of f
as in [6], i.e.
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(ii)
∞∫
s
dη
f (η)
is bounded for s > 0, (4.2)
and there exist positive constants n 2 and β such that
(iii) f ′(s)
∞∫
s
dη
f (η)
 n + 1 − β. (4.3)
We define ψ(t) of the same form as the φ(t) of the previous section, i.e.
ψ(t) =
∫
Ω
[ ∞∫
T
dη
f (η)
]−n
dx. (4.4)
Making use of (3.8) we again find that for t < t˜
ψ ′(t) = n
∫
Ω
[ ∞∫
T
dη
f (η)
]−(n+1)(
T
f (T )
+ 1
)
dx. (4.5)
This again reduces the problem of finding a lower bound for the blow-up time t˜ to another
problem considered by Payne and Schaefer [6]. Following their arguments we conclude that
t˜ 
∞∫
ψ(0)
dη
K1η(n+1)/n + K2η(n+1)/(n−1) , (4.6)
where
K1 = n2 |Ω|
(n−2)/(3n)
(√
3
p0
)(n+1)/n
(4.7)
and
K2 = (n − 1)|Ω|(n−2)/(3n)
[
1√
3
(
d
p0
+ 1
)](n+1)/n
2−(n−1)/nα−(n+1)/(n−1) (4.8)
with
p0 = min
∂Ω
xini, d
2 = max
Ω
xixi (4.9)
and α chosen to satisfy
−4β
n
+ (n + 1)|Ω|(n−2)/(3n)2−(n−1)/n
[
1√
3
(
d
p0
+ 1
)](n+1)/n
α = 0. (4.10)
We next show that if f satisfies conditions somewhat different from those assumed in Prob-
lems A or B the temperature must blow-up at some finite time. We use the notation w to denote
the mean value of w are Ω , i.e.
w = 1|Ω|
∫
wdx. (4.11)
Ω
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(i) f (0) = 0, f (s) > 0 for s > 0, (4.12)
(ii) f (s) f (s) for s > 0 (Jensen’s inequality), (4.13)
and
(iii)
∞∫
a
dη
f (η)
 M˜ (a constant), a > 0. (4.14)
We assume that T exists for all time and show that this leads to a contradiction. Observe that
dT
dt
= 1|Ω|
∫
Ω
[
T + f (T ) − uiT,i
]
dx = f (T ) f (T ). (4.15)
An integration yields (assuming T0 	≡ 0)
M˜ 
∞∫
T0
dη
f (η)

T∫
T0
dη
f (η)
 t (4.16)
which clearly cannot hold for all t . In fact T must blow up at some time t˜  M˜ .
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